The low-temperature thermal conductivity of suspended long and narrow graphene ribbon with domain walls is investigated. Three acoustic phonon branches and the torsion mode are taken into account. The in uence of domain walls replaces the low-temperature ©quantum-wireª behaviour of thermal conductivity κ ∼ T with T n behaviour, where n < 1. The transition from ©quantum-wireª to ©2D grapheneª-like behaviour is shifted to the higher temperature when domain walls are present.
INTRODUCTION
Graphene today is known to have remarkable electronic and phononic properties. Certain applications, such as nanoelectromechanical sensors (NEMS) [1] and graphene-based fuel cells [2] , require the knowledge of low-temperature characteristics of graphene. In the lowtemperature region, the interplay between ballistic transport and diffusive transport due to rough sample borders and polycrystallic structure takes place. The presence of domain walls in graphene and nanoribbons was investigated in several works near room temperature [3Ä5], and they were shown to have crucial in uence on the heat conductivity. Below we will investigate the low-temperature thermal transport properties of graphene nanoribbons in the presence of domain walls.
In Sec. 1, the general formalism for the calculation of thermal conductivity is developed, which takes into account three acoustic phonon branches and ripple torsion mode. The dimensionless form for the heat conductivity is calculated, and the effective temperatures for grain boundaries (GB) and rough sample border scattering mechanisms are introduced. In Sec. 2, the heat conductivity is calculated numerically for various grain concentrations and sizes. The role of momentum-dependent rough boundary scattering is discussed in Conclusion. In this section, we also discuss the comparison of thermal conductivity in narrow ribbon with the wide freestanding 2D graphene case.
GENERAL FORMALISM
The thermal conductivity of graphene ribbon of length L, width W and effective thickness h eff can be expressed as
where q represents phonon momentum, l s (q) represents phonon free path for the mode s, v s (q) is the group velocity for the phonon mode, ω s (q) is the phonon dispersion relation, and N 0 (ω) is the BoseÄEinstein distribution. For the long and narrow ribbon one can replace the summation over the wider ribbon direction with the integration, so that for the phonon branch s the dispersion relation is
where q is the momentum in the longer direction. We take into account the following phonon modes: the longitudal (LA) and tangential acoustic (TA) modes ω s = v s q, s = LA, TA, the out-of-plane phonon mode (ZA)
is the of graphene 2D mass density and K is the bending stiffness, and the torsion mode
Note, that for the torsion mode only ω τ,0 branch is presented. Introducing the dimensionless parameter x = ω/(k B T ), one canˇnd the thermal conductivity in the form
where s = LA, TA, ZA, τ,
, a 0 being graphene primitive cell and θ s being the Debye temperature for the branch s. The relative mean free path
where 1 stands for ideal ballistic transmission with mean free path L, λ GB represents relative mean free path due to the scattering on the polycrystalline grain boundaries, and λ B corresponds to the rough borders scattering. The λ GB for LA, TA and torsion mode can be expressed as
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is the Bessel function of the 1st kind (see [6] ),
and L being the grain size. The grain boundary effective temperature T GB can be found as
where
, γ s is the Gré uneisen constant for branch s and σ is the Poisson constant, ν is the disclination angle in the disclination dipole wall, the average distance between grain boundaries is a, and (1 + a/L) −2 is a packing coefˇcient. Notice that while T GB depends on a/L, T 0 is a function of L only. For ZA mode with quadratic dispersion relation the grain boundary scattering term in reduced mean free path reads
where γ ZA is the momentum-dependent Gré uneisen constant for ZA mode, T 0 = /(2L 2 mk B ) and
The reduced mean free path due to rough boundary scattering can be expressed as (see [7] ) 
For ZA mode the rough boundary term is the following:
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RESULTS
We have calculated numerically the heat conductivity using Eq. (2) for W = 2.46 nm, L = 1 μm ribbon.
One can see in the Figure the single-crystal thermal conductivity (dotted curve), and the thermal conductivity in the presence of domain walls (solid and dashed curves, representing L = W and L = W/2, respectively). One can see that for the defect-free case κ ∼ T at temperatures below 30 K (quantum-wire behaviour, see [9] ), while κ ∼ T 1.5 at temperatures above 30 K, which is the well-known low-temperature behaviour of 2D graphene. This behaviour is in good agreement with the elastic-shell-based analytical calculations [8] . On the contrary, the grain boundary scattering leads to the behaviour κ ∼ T n , where 0.3 < n < 1, depending on the grain concentration (solid and dashed curves). At the higher temperatures (T > T 0 /2, see Table 1 ), the grain boundary scattering leads to the constant mean free path, which results in κ ∼ T behaviour, and at even higher temperatures Å to the normal ©2Dª-like behaviour. The temperature of transmission from ©grain boundaryª to ©2Dª behaviour is determined by two factors: the threshold temperatures T 0 /2 and the ribbon width W . One can see, that for L = W these factors are acting simultaneously (solid curves), while for L = W/2 the threshold temperatures are higher and ©grain boundaryª behaviour continues until higher temperatures (dashed curves).
The in uence of rough boundaries with Δ ≈ 0.1W was also calculated. For all the phonon modes T B was found to be above 70Ä100 K, so that the in uence of edge roughness was found to decrease the power n in T n behaviour in both polycrystal and single-crystal cases at high temperatures, decreasing with the grain concentration. At the high grain concentrations a/L ≈ 0 this in uence was found to be negligible. As for the roles of various phonon modes, the ZA mode was found to dominate other modes for the single-crystal case only. The presence of grain boundaries gave rise to the deformation potential-type scattering, leading to the suppression of ZA mode due to the high momentum-dependent Gré uneisen constant even at low reduced grain concentration (a/L ≈ 10). The LA and TA modes were found to have effectively equal in uence on the thermal conductivity, while the low-energy torsion mode plays role at low temperatures only.
CONCLUSION
In conclusion, we have investigated the in uence of grain boundaries on the heat conductivity of graphene ribbons. Similar to the case of 2D graphene samples, the power in the power-law dependence of thermal conductivity on temperature is reduced due to the presence of domain walls (cf. [5] ). At higher temperatures the grain boundary scattering results in constant mean free path and reducing the role of exural ZA phonon mode, reducing the magnitude of heat conductivity and leaving the power-law temperature dependence intact. The difference between the 2D graphene and ribbon cases is the presence of one-dimensional quantum-wire behaviour at the temperatures below the geometry-driven threshold temperature. When grain boundaries are presented, this behaviour is also modiˇed below the GB threshold temperature, and this temperature is always equal to or higher than the temperature modiˇ-cation due to ribbon width (quantum-wire threshold). The reason for the relation between temperatures is geometrical: both the GB threshold and the quantum-wire threshold temperatures are dependent on the effective size (the grain size and the ribbon width, respectively), and the size of the grain is naturally limited with the lowest size of the sample.
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